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In this paper, we formulate a field-theoretical model of dilute salt solutions of elec-
trically neutral spherical colloid particles. Each colloid particle consists of a ’central’
charge that is situated at the center and compensating peripheral charges (grafted
to it) that are fixed or fluctuating relative to the central charge. In the framework of
the random phase approximation, we obtain a general expression for electrostatic free
energy of solution and analyze it for different limiting cases. In the limit of infinite
number of peripheral charges, when they can be modelled as a continual charged
cloud, we obtain an asymptotic behavior of the electrostatic potential of a point-like
test charge in a salt colloid solution at long distances, demonstrating the crossover
from its monotonic decrease to damped oscillations with a certain wavelength. We
show that the obtained crossover is determined by certain Fisher-Widom line. For the
same limiting case, we obtain an analytical expression for the electrostatic free energy
of a salt-free solution. In the case of nonzero salt concentration, we obtain analytical
relations for the electrostatic free energy in two limiting regimes. Namely, when the
ionic concentration is much higher than the colloid concentration and the effective
size of charge cloud is much bigger than the screening lengths that are attributed
to the salt ions and the central charges of colloid particles. The proposed theory
could be useful for theoretical description of the phase behavior of salt solutions of
metal-organic complexes and polymeric stars.
a)ybudkov@hse.ru
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I. INTRODUCTION
Statistical mechanics of dielectric macromolecules is an emerging area of modern physical
chemistry and condensed matter physics1–17. Nowadays, polarizable macromolecules, such
as weak polyelectrolytes, polyampholytes, ionomers, blockcopolymers, polymerized ionic liq-
uids, branched polymers, etc. have found a lot of applications in the modern industry of
smart materials: from medicine and pharmacology to power and food industry. However,
despite the great importance of these systems for industrial applications, the fundamental
theory of dielectric macromolecules, based on the principles of statistical mechanics tak-
ing into account an internal electric charge distribution of macromolecules, at the moment
remains at the initial stage of its development. Indeed, great efforts have been made by
theorists to develop statistical models of polyelectrolyte solutions19 and solutions of charged
colloids20, whose macromolecules carry nonzero net charge, localized on their surface, so
that their thermodynamic properties are determined by the long-ranged Coulomb interac-
tions. However, only several papers are devoted to the theoretical description of solutions
and melts of electrically neutral macromolecules, having a complex internal electric charge
distribution1,3,7,8,15–17. The development of statistical theory, allowing us to calculate the
equation of state and the static dielectric permittivity of solution on the basis of the micro-
scopic model of inner charge distribution in the macromolecule is one of the most important
problems of modern chemical engineering. One of the possible ways of solving this problem
is to formulate a statistical theory of solution in terms of nonlocal field theory21 and to
apply the conventional field-theoretical methods, such as random phase approximation22,
variational approach23, and self-consistent field theory24.
At the moment, several field-theoretical models of dielectric macromolecules taking into
account their internal electric structure are presented in the literature. Several of them
discuss the possible applications of field-theoretical models to description of the thermody-
namic properties of solutions of dielectric macromolecules. In paper1 the authors formulated
a field-theoretical approach to describing thermodynamic properties of solutions and melts
of polarizable polymers with an arbitrary mechanism of chain flexibility. It is assumed that
each monomeric unit is a spherical particle with a charge in its center and another oppo-
site charge connected by a spring with the center in accordance with the standard Drude
model. The authors claim that their general model can be applied to the description of
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a vast range of dielectric macromolecules, such as polyampholytes, polymeric ionic liquids,
blockcopolymers, etc. In paper15 the author of the present paper formulated the nonlocal
field theory of dipolar molecules immersed in an electrolyte solution medium. In contrast
to the earlier theories of polar fluids, describing polar molecules as point-like particles or
hard spheres with a point-like dipole in their center25–31, the proposed model describes the
polar molecules as ionic pairs with a fluctuating distance between their charged centers.
An arbitrary probability distribution function of distance between charged centers is at-
tributed to each dipolar particle. In the framework of the random phase approximation,
the author obtained a general expression for the electrostatic free energy of solution and a
nonlinear integro-differential equation for the potential of self-consistent field, generalizing
the Poisson-Boltzmann-Langevin equation, derived for the case of point-like polar molecules
and ions25–27. Using the obtained self-consistent field equation, the potential of point-like
test charge, situated in the media of solution of dipolar particles was derived in the linear
approximation. It has been shown that for dipolar lengths corresponding to the protein
molecules, the potential of a test charge strongly deviates from the Coulomb law (that is
predicted within the local theory) at the distances order of several nanometers. In paper16
the same author proposed a generalization of the previous nonlocal theory of solutions of
dipolar particles, taking into account their chain association according to the ’head-to-tail’
mechanism. Paper17 proposes a general nonlocal theory of solutions of electrically neutral
soft molecules, described as a set of charged sites, interacting with each other through the
Coulomb and arbitrary soft-core repulsive potentials that look like the Gaussian-core and
Yukawa potentials. In the framework of the proposed theory within the random phase
approximation, the author obtained a general expression for excess Helmholtz free energy
of solution. As an illustration, the proposed general theory was applied to describing the
phase behavior of the Gaussian-core dipolar model (GCDM), which is a direct extension
of the well known Gaussian-core model (GCM)32 for the case of additional dipole-dipole
interactions between the soft-core particles. An analytical expression has been obtained for
the free energy of GCDM, generalizing the formerly obtained expression in15 for taking into
account the repulsive soft-core interactions between the dipolar particles and predicting the
liquid-liquid phase separation of the solution with an upper critical point. It was pointed
out that the obtained results could be used for analysing the phase behavior of aqueous
solutions of protein macromolecules. Here, it is worth mentioning a recent paper18, where
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in the framework of the self-consistent field theory of polymer solutions and the random
phase approximation the authors investigated liquid-liquid phase separation of solutions of
intrinsically disordered proteins which are electrically neutral as a whole, but, at the same
time, have a complex charge distribution and a soft-core structure. In both approaches, the
authors theoretically predicted the binodal of liquid-liquid phase separation with an upper
critical point for the salt-free solution, as well as in the presence of salt ions.
It is important to note that earlier the authors of paper36 developed the nonlocal field-
theoretical model of the electrolyte solution with polarizable ions in accordance with the
above mentioned Drude model and with an explicit account of the polar solvent, whose
molecules are described by dimers of two oppositely charged centers, separated by a fixed
distance. In paper37 the authors theoretically investigated a thermodynamic behavior of
electrolyte solution with explicit account of polar solvent that is under nano-confinement
within the similar field-theoretical approach. In paper38 a nonlocal field theory of aqueous
electrolyte solutions, taking into account higher multipole moments of the water molecules
was proposed. However, we would like to point out that the aim of all these papers was
mostly to find a microscopic justification of the nonlocal electrostatics, formulated earlier
– the phenomenological theory, developed by Kornyshev and coauthors39–41, describing of
solvation effects in low-molecular weight systems. However, in contrast to the above men-
tioned papers15–17, papers36–38 do not describe the thermodynamic properties of solutions of
polarizable macromolecules, although they use an approach similar to the field-theoretical
approach, formulated in15.?
As it was pointed out above, in paper15 we proposed a general nonlocal statistical the-
ory of salt solutions of dipolar particles, which could be used for describing thermodynamic
properties of solutions of dipolar macromolecules, such as proteins and betaines. However,
there is a wide class of macromolecules, whose internal electric structure cannot be reduced
to two charged centers. The most natural generalization of the model of dipolar particle
would be a model of an electrically neutral ”star” (see, fig. 1). In that case charge q (further
called the ’central charge’) is placed in the geometrical center of a star and around it other
’peripheral’ charges qα (α = 1, 2, ..,m) are situated. The positions of peripheral charges
relative to the central charge are fixed or fluctuating ones. We would like to note that such
kind of charge configurations can be realized for polymeric stars32 and colloid particles33 in
low-polar solvents with counterions, adsorbed on their surface. Another chemical systems,
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for which this model could be relevant are metal-organic complexes, whose molecules consist
of multivalent metallic ion (central charge) and ligand counterions (peripheral charges), co-
ordinated it through the organic spacers. To the best of our knowledge, up to now there have
been no statistical models, describing thermodynamic properties of such kind of solutions.
In the present paper we formulate such a theory.
The rest of the article is organized as follows. The second part formulates a general
field-theoretic model of solutions of dielectric colloid particles. In the third part we consider
a simplified case of identical peripheral charges on the colloid particles and derive an analyt-
ical expression for electrostatic free energy of solution, discuss the behavior of electrostatic
potential of the test point-like charge in the salt solution of dielectric colloid particles with
infinite number of peripheral charges. In the concluding forth part we discuss the main
results of the paper and further prospects.
II. THEORY
Let us consider a solution of N+ point-like cations with charges q+ > 0, N− point-like
anions with charges q− < 0, and Nc electrically neutral colloid particles, confined in the
volume V at temperature T . We will model the solvent as a continuous dielectric medium
with dielectric permittivity ε. As pointed out in the introduction, we assume that each colloid
particle consists of central charge q placed at the center of the particle and m peripheral
charges qα, α = 1, 2, ..,m, which are placed in the general case at fluctuating distances
ξα from the central charge, described by the probability distribution functions gα(ξα). The
assumption of electrical neutrality of each colloid particle leads to the following condition for
the charges q+
∑m
α=1 qα = 0. Since we consider only the case of a sufficiently dilute solution,
we neglect all the intermolecular interactions except the Coulomb interactions. Taking into
account all the mentioned model assumptions, one can write the configuration integral of
the system in the following form
Q =
∫
dΓs
∫
dΓc exp [−βH] , (1)
where ∫
dΓc(·) =
∫
..
∫ Nc∏
j=1
dΓj(·) (2)
5
peripheral charges q1, q2, ..., qm
central charge q
implicit solvent
ions of salt with charges q+ and q-
Figure 1. Schematic diagram of a colloid particle, surrounded by salt ions in a solvent medium.
is the integration measure over internal configurations Γj of the colloid particles, i.e.∫
dΓj(·) =
∫
dRj
V
∫
..
∫ m∏
α=1
dξ
(α)
j gα(ξ
(α)
j )(·), (3)
where ξ(α)j are the displacement vectors of peripheral charges relative to positions Rj of the
central charges. The integration measure over the coordinates r(±)k of the salt ions is∫
dΓs(·) =
∫ N+∏
l=1
dr
(+)
l
V
∫ N−∏
k=1
dr
(−)
k
V
(·), (4)
where the Hamiltonian of Coulomb interactions can be written as follows
H =
1
2
∫
dr
∫
dr′ρˆ(r)G0(r− r′)ρˆ(r′) = 1
2
(ρˆG0ρˆ) , (5)
where G0(r− r′) = 1/(ε|r− r′|) is the Green function of the Poisson equation and
ρˆ(r) = ρˆc(r) + ρˆi(r) + ρext(r) (6)
is the total microscopic charge density of the system;
ρˆc(r) =
m∑
α=1
qα
Nc∑
j=1
(
δ
(
r−Rj − ξ(α)j
)
− δ (r−Rj)
)
(7)
is the microscopic charge density of the colloid particles;
ρˆi(r) = q+
N+∑
k=1
δ
(
r− r(+)k
)
+ q−
N−∑
l=1
δ
(
r− r(−)l
)
(8)
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is the local charge density of the salt ions; ρext(r) is the density of the external charges;
β = 1/kBT is the inverse thermal energy and kB is the Boltzmann constant.
Further, using the standard Hubbard-Stratonovich transformation
exp
[
−β
2
(ρˆG0ρˆ)
]
=
∫ Dϕ
C
exp
[
−β
2
(ϕG−10 ϕ) + iβ(ρˆϕ)
]
, (9)
we arrive at the following expression for the configuration integral in the form of functional
integral
Q =
∫ Dϕ
C
exp
[
−β
2
(ϕG−10 ϕ) + iβ(ρextϕ)
]
QNcc [ϕ]Q
N+
+ [ϕ]Q
N−
− [ϕ] (10)
with one-particle configuration integrals
Qc[ϕ] =
∫
dR
V
∫
dσ(ξ1, .., ξm) exp
(
iβ
m∑
α=1
qα(ϕ(R + ξα)− ϕ(R))
)
, (11)
and
Q±[ϕ] =
∫
dr
V
exp(iβq±ϕ(r)) (12)
with a normalized measure of integration over the displacements of peripheral charges∫
dσ(ξ1, .., ξm)(·) =
∫
dξ1..
∫
dξm
m∏
α=1
gα(ξα)(·), (13)
i.e.
∫
dσ = 1 and the following short-hand notations
(ϕG−10 ϕ) =
∫
dr
∫
dr′ϕ(r)G−10 (r, r
′)ϕ(r′), (ρˆϕ) =
∫
drρˆ(r)ϕ(r), (14)
C =
∫
Dϕ exp
[
−β
2
(ϕG−10 ϕ)
]
. (15)
In the thermodynamic limit
V →∞, Nc,± →∞, Nc,±/V → nc,±
we obtain15,44
QNcc [ϕ] ' exp
[
nc
∫
dR
∫
dσ(ξ1, .., ξm)
(
exp
(
iβ
m∑
α=1
qα(ϕ(R + ξα)− ϕ(R))
)
− 1
)]
(16)
and
Q
N±
± [ϕ] ' exp
[
n±
∫
dr(exp(iβq±ϕ(r))− 1)
]
. (17)
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Thus, we arrive at the following functional representation of the configuration integral
Q =
∫ Dϕ
C
exp [−S[ϕ]] , (18)
where the following functional
S[ϕ] =
β
2
(ϕG−10 ϕ)− iβ(ρextϕ)−W [ϕ] (19)
is introduced; the auxiliary functional W [ϕ] can be written in the form
W [ϕ] = nc
∫
dR
∫
dσ(ξ1, .., ξm)
(
e
iβ
m∑
α=1
qα(ϕ(R+ξα)−ϕ(R)) − 1
)
+ n+
∫
dr(eiβq+ϕ(r) − 1) + n−
∫
dr(eiβq−ϕ(r) − 1). (20)
Now, we obtain an expression for electrostatic free energy of solution in the framework
of the random phase approximation15. Expanding functional S[ϕ] in (20) into the power-
law series in the vicinity of the mean-field configuration ϕ(MF )(r) = iψ(r), satisfying the
Euler-Lagrange equation
δS[ϕ]
δϕ(r)
∣∣∣∣
ϕ=iψ
= 0, (21)
and truncating the series by the second order on ϕ(r), we obtain
Q = exp [−S[iψ]]
∫ Dϕ
C
exp
[
−β
2
(
ϕG−1ϕ)+O[ϕ3]] , (22)
where we have introduced the following renormalized inverse Green function
G−1(r, r′|ψ) = kBT δ
2S[iψ]
δϕ(r)δϕ(r′)
= G−10 (r, r
′) + Si(r, r′) + Sc(r, r′) (23)
with the following short-hand notations
Si(r, r
′) = β
(
q2+n+e
−βq+ψ(r) + q2−n−e
−βq−ψ(r)) δ(r− r′), (24)
Sc(r, r
′) = βnc
∑
δ,γ
qδqγ
〈
e
−β
m∑
α=1
qα(ψ(r+ξα−ξγ)−ψ(r−ξγ))
(δ(r− r′ + ξδ − ξγ)− δ(r− r′ − ξγ))
〉
ξ
− βnc
∑
δ,γ
qδqγ
〈
e
−β
m∑
α=1
qα(ψ(r+ξα)−ψ(r))
(δ(r− r′ + ξδ)− δ(r− r′))
〉
ξ
. (25)
The self-consistent field equation, obtained from the Euler-Lagrange equation (21) has the
following form
∆ψ(r) = −4pi
ε
(ρext(r) + ρ¯i(r) + ρ¯c(r)) , (26)
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where
ρ¯i(r) = q+n+e
−βq+ψ(r) + q−n−e−βq−ψ(r) (27)
is the average charge density of the salt ions, whereas
ρ¯c(r) = nc
m∑
γ=1
qγ
〈
e
−β
m∑
α=1
qα(ψ(r+ξα−ξγ)−ψ(r−ξγ)) − e−β
m∑
α=1
qα(ψ(r+ξα)−ψ(r))
〉
ξ
(28)
is the average charge density of the bound charge of colloid particles. Note that in the
expressions (25) and (28) we have introduced the following symbol
〈(·)〉ξ =
∫
dσ(ξ1, .., ξm)(·) (29)
for averaging over the configurations of peripheral charges. Therefore, formally calculat-
ing the Gaussian functional integral, we arrive at the following general expression for the
configuration integral of solution in the random phase approximation15,17
Q ≈ exp
{
−S[iψ] + 1
2
tr (lnG − lnG0)
}
, (30)
where symbol tr(..) denotes the trace of the integral operator in accordance with the defini-
tion
tr(A) =
∫
drA(r, r), (31)
where A(r, r′) is the kernel of operator A. In the absence of external charges (i.e., when
ρext(r) = 0), the mean-field potential ψ(r) = 0, and the mean-field contribution to the excess
free energy of solution F (MF )el = kBTS[0] = 0. Therefore, in this case the excess free energy
is determined by the thermal fluctuations of the electrostatic potential near the zero value.
In that case the renormalized inverse Green function takes the simplified form
G−1(r, r′|0) = G−1(r, r′) = G−10 (r, r′) + 2βIe2δ(r− r′)
+ βnc
∑
δ,γ
qδqγ 〈δ(r− r′ + ξδ − ξγ)− 2δ(r− r′ − ξγ) + δ(r− r′)〉ξ , (32)
while the excess free energy in the random phase approximation can be calculated by the
following formula
Fel ≈ kBT
2
tr (lnG0 − lnG) = V kBT
2
∫
dk
(2pi)3
ln
G0(k)
G(k)
, (33)
where G0(k) = 4pi/(εk2) and G(k) = 4pi/(ε(k2+κ2(k))) are the Fourier-images of the Green
functions, which become translation invariant functions in the thermodynamic limit. Thus,
9
subtracting the electrostatic self-energy of particles from the final expression22, we arrive at
the following excess free energy of solution in the random phase approximation
Fel =
V kBT
2
∫
dk
(2pi)3
(
ln
(
1 +
κ2(k)
k2
)
− κ
2(k)
k2
)
(34)
with the screening function15,22,23,42,43
κ2(k) = κ2s +
4pinc
εkBT
(
|q(k)|2 +
m∑
α=1
q2α(1− |gα(k)|2)
)
, (35)
where the following auxiliary function
q(k) =
m∑
α=1
qα(1− gα(k)) (36)
and characteristic functions15
gα(k) =
∫
drgα(r)e
−ikr (37)
are introduced.
Now let us derive a general expression for the electrostatic mean-field potential ψ(r) of
the external charge with the density ρext(r), immersed to the medium of the salt colloid
solution in the regime of weak electrostatic interactions
ψ(r) =
4pi
ε
∫
dk
(2pi)3
ρ˜ext(k)
k2 + κ2(k)
=
∫
dk
(2pi)3
4piρ˜ext(k)
ε(k)k2
, (38)
where
ρ˜ext(k) =
∫
drρext(r)e
−ikr (39)
is the Fourier-image of charge density of external charges and
ε(k) = ε
(
1 +
κ2(k)
k2
)
(40)
is the dielectric function of the solution39.
Using the expression for the dielectric function, one can calculate the static dielectric
permittivity of the salt-free colloid solution (κs = 0) as follows
εb = lim
k→0
ε(k). (41)
Taking into account that at small k values the characteristic functions can be expanded into
the power-law series gα(k) ' 1 − k2 〈ξ2α〉 /2, where 〈ξ2α〉 are the mean-square displacements
of the peripheral charges with number α. Thus, we arrive at the following expression
εb = ε+ 4piγcnc, (42)
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where
γc =
m∑
α=1
q2α 〈ξ2α〉
kBT
(43)
is the polarizability of the colloid particle. For the case of dipolar colloid particles, when
m = 1 and 〈ξ2〉 = l2/3 (l is the dipole length), we arrive at the earlier obtained expression15.
III. THE CASE OF IDENTICAL PERIPHERAL CHARGES
In this section we consider the case of identical peripheral charges qα = −q/m with iden-
tical spherically symmetric distribution functions gα(r) = g(|r|). In this case the screening
function takes the form
κ2(k) = κ2s +
4piq2nc(m+ 1)
εkBTm
(1− g(k))
(
1− m− 1
m+ 1
g(k)
)
, (44)
where κ2s = 8piI/(εkBT ) and I = (q2+n+ + q2−n−)/2 is the ionic strength of solution.
For the case of dipolar particles (m = 1) expression (44) gives the previously obtained
expression15
κ2(k) = κ2s +
8piq2nc
εkBT
(1− g(k)). (45)
Let us consider another limiting regimem 1, when the peripheral charges can be described
by continual charge clouds, surrounding the central charges. The screening function in that
case takes the form
κ2(k) ' κ2s +
4piq2nc
εkBT
(1− g(k))2. (46)
Note that at small k values, when g(k) ' 1− k2R2, the dielectric function (46) behaves
as
ε(k) ' ε
(
1 + L2Qk
2 +
κ2s
k2
)
, (47)
where
L2Q =
4piq2ncR
4
εkBT
(48)
is the ’quadrupolar’ length, introduced firstly as a phenomenological parameter in the paper
of Slavchov45; R is the characteristic size of the charge cloud of the colloid particle. Note the
theory, formulated here allows us to express the quadrupolar length through the microscopic
parameters of the colloid particles. We would like to note that in the regime of weak
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electrostatic interactions in the presence of ’quadrupolar’ particles in the solution the self-
consistent field equation takes the following form
∆ψ(r)− L2Q∆2ψ(r)− κ2sψ(r) = −
4pi
ε
ρext(r). (49)
Below, we will analyze a behavior of electrostatic potential of a point-like test charge
immersed in a salt solution of the quadrupolar colloid particles. Moreover, we will calculate
an electrostatic contribution to the total free energy of this colloid solution in the absence
of external charges.
A. Potential of point-like charge
As a simplest case, it is instructive to calculate the potential of point-like test charge
q0 in a salt solution of the quadrupolar colloid particles. Placing the test charge at the
origin, taking into account that ρext(r) = q0δ(r) and using equation (49) in the Fourier
representation, we obtain
ψ(r) ' 4piq0
ε
∫
dk
(2pi)3
eikr
k2 + κ2s + L
2
Qk
4
, (50)
which after the calculation of the integral yields the following regimes
ψ(r) =
q0
εr
×

exp(−κ−r)−exp(−κ+r)√
1−4κ2sL2Q
, κsLQ <
1
2
r√
2LQ
exp
(
− r√
2LQ
)
, κsLQ =
1
2
exp(−κ0r)√
4κ2sL
2
Q−1
sin
(
r
λ
)
, κsLQ >
1
2
,
(51)
where r = |r| and the following short-hand notations
κ± =
(
1±
√
1− 4κ2sL2Q
)1/2
√
2LQ
, κ0 = κs
√
1 + 1/(2κsLQ), (52)
λ−1 = κs
√
1− 1/(2κsLQ) (53)
have been introduced. Thus, we obtain that if the quadrupolar length is less than half of
the Debye screening length of the salt ions, then the electrostatic potential monotonically
decreases at long distances. However, when the quadrupolar length exceeds half of the
screening length, the potential decreases with oscillations, characterized by wavelength λ.
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Note that such a behavior of the electrostatic potential of the point-like charge, surrounded
by salt ions and quadrupolar particles, was first obtained in the paper of Slavchov45 within
the pure phenomenological theory. We would like to stress also that the condition κsLQ =
1/2 determines the equation for the Fisher-Widom line46,47 for the ionic component of the
solution. It is also interesting to note that analogous oscillations of the electrostatic potential
(the so-called overscreening effect) are observed in ionic liquids48.
B. Electrostatic free energy of solution
Now, let us analyze a behavior of the electrostatic free energy of the salt solution of
quadrupolar particles for the Yukawa-type model distribution function15–17
g(r) =
1
4piR2r
exp(−r/R). (54)
The latter has the following characteristic function
g(k) =
1
1 + k2R2
. (55)
Using (34), one can obtain the analytical expression for electrostatic free energy only for the
salt-free case (κs = 0), i.e.
Fel
V kBT
= − 1
6piR3
(
(1 + yc)
√
1 +
yc
4
− 9yc
8
− 1
)
, (56)
where yc = L2Q/R2 = 4piq2ncR2/(εkBT ) = κ2cR2 and κc = (4piq2nc/εkBT )1/2 is the inverse
Debye screening length, attributed to the central charges of quadrupolar particles. It is
instructive to analyze the electrostatic free energy (56) of the salt-free solution of quadrupolar
particles in two limiting regimes, namely
Fel
V kBT
=
−
5piq4R
16(εkBT )
2n2c , yc  1
− κ3c
12pi
, yc  1.
(57)
The first regime reflects the case, when size R of the charged cloud is much less than the
Debye length κ−1c . In this case, the electrostatic correlations of the colloid particles manifest
themself as the effective van der Waals attraction – the Kirkwood-Shumaker interactions49,50.
This attractive interaction is related to the spatial fluctuations of the charged clouds of the
colloid particles, placing at the sufficiently long distances from each other. In the opposite
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regime, when size R of the charged cloud is much bigger than the Debye length κ−1c , the
electrostatic free energy can be described by the Debye-Hueckel limiting law. In this limit-
ing regime the colloid solution is described by the one component plasma (OCP) model51.
Indeed, in that regime the system is just a set of central charges q, immersed to the com-
pensating homogeneously charged background of the overlapping charged clouds.
Let us calculate the electrostatic free energy of the salt solution, when the colloid particles
concentration is much less than the salt concentration. In other words, we consider the case
yc  1. The result takes the following form
Fel
V kBT
= − κ
3
s
12pi
− piq
2nc
εkBTR
h1(ys)− piq
4Rn2c
16(εkBT )2
h2(ys) +O(n
3
c), (58)
where ys = κ2sR2 and we have introduced the following auxiliary functions
h1(ys) =
ys(1 + 2
√
ys)
(1 +
√
ys)2
, (59)
h2(ys) =
40y
3/2
s + 8y2s + 48ys + 25
√
ys + 5
(1 +
√
ys)5
. (60)
The first term in (58) describes the well known Debye-Hueckel limiting law for excess free
energy of diluted electrolyte solutions. The second term is the contribution of the electro-
static interactions between the colloid particles and salt ions. The third term describes the
contribution of the colloid-colloid Kirkwood-Shumaker interaction, renormalized by electro-
static screening of salt ions. In the regime when ys  1 and yc  1 we have the following
limiting relation
Fel
V kBT
= − κ
3
12pi
, (61)
where κ = (κ2s +κ2c)1/2; the excess free energy (61) is the Debye-Hueckel limiting law for the
free energy of OCP in the presence of salt ions.
IV. CONCLUDING REMARKS AND PROSPECTS
In this paper, we have formulated a field-theoretical model of salt solutions of electrically
neutral spherical colloid particles. In the framework of our model, each colloid particle
consists of a central charge and peripheral compensating charges, grafted to the central
charge and separated from it by fluctuating distances. This model is an extension of the
previously formulated field-theoretical model of salt solution of dipolar particles15. In the
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framework of random phase approximation, we have derived a nonlocal self-consistent field
equation with respect to the mean-field potential generated by fixed external charges and
an expression for excess free energy of the colloid solution.
In the absence of external charges, we have obtained a general expression for the excess
free energy of a solution. For the limiting case of infinite number of peripheral charges, when
they form a continual spherically symmetric charged cloud around the central charge, we have
estimated the electrostatic potential of the point-like test charge in a salt colloid solution. We
have determined that at long distances from the point-like charge, the potential behaves as
the potential of charge, surrounded by ions and quadrupolar particles, first discovered within
the phenomenological theory by Slavchov45. We have obtained the analytical expression for
the quadrupolar length, first introduced as a phenomenological parameter by Slavchov in
the same paper. We have shown that the qualitative behavior of the electrostatic potential
at long distances depends on the ratio of the quadrupolar length to the screening length of
ions. Namely, when the quadrupolar length is less than half of the Debye screening length of
the salt ions, the electrostatic potential monotonically decreases at long distances. However,
when the quadrupolar length exceeds half of the screening length, the potential decreases
with oscillations, characterised by a certain wavelength. The condition of equality between
the quadrupolar length and half of the screening length determines the Fisher-Widom line
for this system. We would like to note that the structural transition, first discovered by
Slavchov within the phenomenological theory and predicted within our microscopic theory,
from a monotonic decrease of potential to its oscillating behavior at long distances is a new
fundamental effect which needs to be confirmed by computer simulations and experiments
in future.
For the salt-free solution of quadrupolar particles we have obtained an analytical relation
for the excess free energy. We have shown that, if the Debye screening length, associated with
the central charges of the quadrupolar particles is much bigger than the effective size of the
charge cloud, then the electrostatic free energy is proportional to the square of concentration.
In this case, the electrostatic correlations of the colloid particles are reduced to their effective
pairwise van der Waals interactions – the Kirkwood-Shumaker interactions49. In the opposite
case, when the screening length is much smaller than the effective size of the charged cloud,
the salt-free colloid solution can be described by the one-component plasma model51. In the
case of a nonzero salt concentration, we have obtained analytical relations for the excess
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free energy of solution, when the salt concentration is much higher than the concentration
of colloid particles and for the case when the size of the charged cloud is much bigger than
both the screening length of the salt ions and the screening length of the central charges. For
the latter case, we have obtained a regime, when the solution is described by one-component
plasma in the presence of salt ions.
In conclusion, we would like to note that in the present paper we have formulated a
theoretical background for describing thermodynamic properties of salt solutions of colloid
particles with a complex inner charge distribution. Such a theory could be relevant describ-
ing the phase behavior of solutions of complex colloid particles in low-polar media, where
the counterions condense onto the colloid surface31,33, so that their positions undergo ther-
mal spatial fluctuations around the center of the colloid particle. Another example, where
this theory could be applicable, is salt solutions of metal-organic complexes, consisting of
multivalent metallic ion, coordinated by counterions through the organic spacers34,35. Note
also that proposed in this paper theoretical background can be applied to describing the salt
solutions of micellar aggregates and polymeric stars. However, these applications could be
a subject of the future researches.
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